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Narrowband Biphotons: Generation,
Manipulation, and Applications
Chih-Sung Chuu and Shengwang Du
Abstract In this chapter, we review recent advances in generating narrowband
biphotons with long coherence time using spontaneous parametric interaction in
monolithic cavity with cluster effect as well as in cold atoms with electromagneti-
cally induced transparency. Engineering and manipulating the temporal waveforms
of these long biphotons provide efficient means for controlling light-matter quan-
tum interaction at the single-photon level. We also review recent experiments using
temporally long biphotons and single photons.
1 Introduction
Entangled photon pairs, termed biphotons, have been benchmark tools in the field
of quantum optics for testing fundamental quantum mechanics as well as for de-
veloping applications in quantum information technology, including realization of
the Einstein-Podolsky-Rosen paradox [1, 2], test of violation of Bell’s inequality
[3, 4, 5], quantum cryptography and key distribution [6], quantum teleportation
[7, 8], quantum computation [9], etc. Traditional methods of producing biphotons
include spontaneous parametric down conversion (SPDC) [10, 11, 12] and spon-
taneous four-wave mixing (SFWM) [13, 14, 15] in nonlinear solid-state materials.
Photons from these nonlinear processes in free space forward-wave configuration
usually have broad bandwidth (> THz) and short coherence time (< ps) such that
Chih-Sung Chuu
Department of Physics and Frontier Research Center on Fundamental and Applied Sciences of
Matters, National Tsing Hua University, Hsinchu 30013, Taiwan, e-mail: cschuu@phys.nthu.
edu.tw
Shengwang Du
Department of Physics, The Hong Kong University of Science and Technology, Clear Water Bay,
Kowloon, Hong Kong, People’s Republic of China, e-mail: dusw@ust.hk
1
ar
X
iv
:1
50
3.
04
33
9v
1 
 [q
ua
nt-
ph
]  
14
 M
ar 
20
15
2 Chih-Sung Chuu and Shengwang Du
their temporal quantum waveform can not be directly resolved by existing commer-
cial single-photon counters (which have a typical resolution of about ns).
These broadband biphotons are not suitable for recently proposed protocols of
long-distance quantum communication and quantum network based on photon-atom
interaction [16, 17], because an efficient photon-atom quantum interface requires
single flying photons having a bandwidth sufficiently narrower than the atomic res-
onance (typically in MHz). To reduce their bandwidth, optical cavity may be used
for active filtering [18, 19, 20, 21]. However, multiple cavity modes are resonated
simultaneously due to the broad gain linewidth of the forward-wave parametric in-
teraction and the biphotons are generated in multiple longitudinal modes. Additional
passive filters locked to the desired mode of the resonant cavity is thus necessary to
obtain single mode output with reduced generation rate and increased complexity.
Phase-matching condition plays an important role in determining the photon
bandwidth in these nonlinear process. The loose constraint of phase matching in
the forward-wave configuration make it difficult to generate ultranarrow-bandwidth
biphotons. To overcome this problem, one may use the cluster effect in a monolithic
cavity with double-pass pumping. An alternative solution is to take the backward-
wave configuration where the produced paired photons propagate in opposing direc-
tions. In this chapter, we review recent advances in generating narrowband bipho-
tons with long coherence time using forward-wave and backward-wave parametric
interaction. In particular, we describe the monolithic resonant down-conversion with
cluster effect [22, 23] and the resonant SFWM in cold atoms with electromagneti-
cally induced transparency (EIT)[24, 25, 26].
2 Monolithic Resonant Parametric Down-Conversion with
Cluster Effect
A resonant parametric down-converter can generate single-mode biphotons without
external filtering when its gain linewidth is narrower than the spacing of adjacent
resonant modes. For a doubly resonator where the signal and idler fields are si-
multaneously resonant, the mode spacing is determined by the cluster spacing ∆Ωc
between the simultaneous resonant signal the idler modes. The cluster spacing can
be calculated by solving the following equations [27],
±1 = M(ω)∆Ω 2c +N(ω)∆Ωc,
M(ω) = [L/(2pic)]{2[n′s(ω)+n
′
i(ωi)]+ωsn
′′
s (ω)+ωin
′′
i (ωi)},
N(ω) = [L/(pic)][ns−ni+ωsn′s(ωs)−ωin
′
i(ωi)], (1)
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where ns and ni are the refractive indices at the signal and idler frequencies, and n
′
s,i
and n
′′
s,i are the first and second frequency derivatives, respectively.
If we assume that the idler mode spacing ∆i is slightly less than the signal mode
spacing ∆s and the group velocity dispersion is negligible, the cluster spacing can
also be obtained by multiplying the idler mode spacing by the number of idler modes
between two doubly resonant modes,
∆Ωc ∼= ∆s ∆i∆s−∆i . (2)
For small ∆s−∆i, the cluster spacing will be much larger than the signal or idler
mode spacing. Moreover, since ∆Ωc decreases with the length of cavity, a mono-
lithic doubly resonator has the largest possible cluster spacing and can be used to
reduce the number of resonant modes within the gain curve.
For parametric down-conversion of the forward wave type, a monolithic dou-
bly resonator by itself is not enough for generating biphotons in a single longi-
tudinal mode. This is because the gain linewidth of the parametric interaction is
larger than the cluster spacing, which allows biphotons to be generated in multiple
longitudinal modes. As an example, we consider a 3-cm long monolithic PPKTP
crystal pumped by a continuous-wave 532 nm laser. At type-II phase matching, the
gain linewidth ∆ fsp = 0.885c/(|n(g)s − n(g)i |L) = 93.2 GHz and the cluster spacing
∆Ωc = c/(2|n(g)s −n(g)i |L) = 52.6 GHz where n(g)s,i are the group indices at the sig-
nal and idler frequencies and L is the crystal or cavity length. Because ∆ fsp > ∆Ωc,
multimode biphotons are generated and external filters are required to eliminate
biphotons in unwanted modes to obtain single-mode biphotons. This results in re-
duced biphoton generation rate in additional to increased complexity of the biphoton
source.
2.1 Single-mode output
To obtain single-mode biphotons without additional filtering, it is necessary to in-
crease the mode spacing and reduce the gain linewidth. This can be achieved by
using double-pass pumping, for example, by depositing a high reflection coating
at the pump frequency on the output face of the crystal. The double-pass pump-
ing effectively doubles the length of the parametric interaction or reduces the gain
linewidth by half. The broaden gain linewidth ∆ fdp= 0.443c/(|n(g)s −n(g)i |L) is thus
smaller than the cluster spacing ∆Ωc = c/(2|n(g)s − n(g)i |L). Consider the previous
example with a double-pass pump. The gain linewidth ∆ fdp = 46.6 GHz is now
narrower than the cluster spacing ∆Ωc = 52.6 GHz, so biphotons can be generated
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in a single longitudinal mode without the need of additional filtering.
The principle of single-mode operation is illustrated in Fig. 1(a), where the solid
curve is the gain profile and the vertical lines represent the frequencies of the si-
multaneously resonant signal and idler modes. With one resonant mode aligned to
the center of the gain curve, the adjacent modes are outside the gain region. For
comparison, the gain curve of a monolithic resonator with single-pass pumping is
also shown as a dotted curve where more than one resonant signal and idler pairs
are present within the gain curve.
Fig. 1 Single-mode operation is shown as compared to multi-mode operation. The solid and dotted
curves are the gain profiles (spectral power density) of a doubly resonant forward-wave parametric
down-converters with double-pass and single-pass pumping, respectively. The vertical red lines
represent the frequencies of the simultaneously resonant signal and idler pairs with one mode taken
at the center frequency f0 of the gain curve. Quasi-phasematching is chosen for (a) degenerate and
(b) non-degenerate frequencies.
As another example, we consider the generation of single-mode non-degenerate
biphotons. We assume a 3-cm long monolithic PPKTP crystal pumped by a double-
pass 525.5 nm laser. Such source may be useful for applications such as quantum
repeater [28]. For example, the signal photons at 795 nm can be stored in nearby
atomic memories while idler photons at 1550 nm can be sent through a fiber to
interfere on a distant beam splitter for creating entanglement between two remote
locations. As shown in Fig. 1(b), the gain linewidth ∆ fdp = 98.1 GHz is narrower
than the cluster spacing ∆Ωc = 110.7 GHz and the biphotons are generated in a
single longitudinal mode.
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2.2 Experimental realization
Chuu, Yin, and Harris [23] have demonstrated a miniature ultrabright source of nar-
rowband biphotons using a monolithic resonant parametric down-converter with-
out external filtering. A schematic of the experimental setup is shown in Fig. 2.
The biphoton source uses a nonlinear crystal of which the end faces are spherically
polished and deposited with a high reflection coating at the signal and idler wave-
lengths to form a monolithic cavity. The high reflection coating on one end face is
also highly reflective at the pump wavelength for double-pass pumping. The com-
bination of monolithic cavity, double-pass pumping, and type-II phase matching
allows the generation of single-mode biphotons near degeneracy. When the pump
is increased above threshold to produce parametric oscillation, the output is single-
mode, as seen by a scanning Fabry Perot interferometer. This suggest that only a
single cluster is resonant.
Fig. 2 A monolithic doubly resonant parametric down-converter for generating single-mode
biphotons. The pump is double-passed by the end face of the monolithic crystal, which has a
high reflection coating at the signal, idler, and pump wavelengths. The lens is used to collimate
the signal and idler fields. The PBS (polarizing beam splitter) separates the signal and idler fields
before they are detected by the single-photon detection modules (not shown).
A typical coincidence measurement of the biphoton wavepacket is shown in
Fig. 3. The measured curve shows two asymmetric exponential decays possibly due
to the different reflectivity for orthogonal polarizations. The biphoton correlation
time is found to be Tc ∼= 17 ns and the biphoton bandwidth is ∆ω ∼= 2pi · 8 MHz.
Correcting for the collection efficiency, the generation rate is R = 1.10× 105
biphotons/(s mW) which gives a spectral brightness of R/∆ω = 1.34×104 bipho-
tons/(s MHz mW).
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Fig. 3 Glauber correlation function of the biphotons. The coincidence counts are measured as a
function of the time delay between the signal and idler photons at a pump power of 700 µW. The
function has two exponential decays with decay constants of 13.29±0.14 ns and 11.33±0.12 ns
for time delay greater than or less than zero. The biphoton correlation time is 17.07±0.13 ns.
3 Backward-wave Biphoton Generation
Parametric down-conversion of the backward-wave type provides an alternative way
to realize an ultrabright biphoton source without external filtering. As compared to
conventional forward-wave schemes, such as spontaneous parametric down conver-
sion (SPDC) in nonlinear crystals, the backward geometry allows a much tighter
constraint of phase matching that leads to substantially narrow linewidth.
3.1 General Formulism: Free space
The backward-wave biphoton generation in free space is schematically illustrated in
Fig. 4, where the generated field aˆ1 propagates along the +z direction and aˆ2 along
the -z direction. For SPDC with χ(2) nonlinearity, this geometry can be achieved
by quasiphase matching [29] to submicron periodicity and driven by a single pump
laser beam [30, 31, 32]. For SFWM driven by χ(3) nonlinearity, the phase matching
condition can be satisfied by aligning two coherent driving laser beams [33, 26].
As compared to conventional forward-wave schemes, the backward-wave geometry
allows a much tighter constraint of phase matching that leads to substantially narrow
linewidth.
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Fig. 4 Schematics of backward-wave biphoton generation from a nonlinearly driven medium in
free space.
We describe the spontaneously generated paired photons as quantized field oper-
ators
aˆ1(z, t) = bˆ1(z, t)ei(k10z−ω10t),
aˆ2(z, t) = bˆ2(z, t)e−i(k20z+ω20t), (3)
where ωi0 are the central angular frequencies and ki0 = ωi0/c are the wave num-
bers in vacuum. bˆi(z, t) are their slowly varying envelopes and follow the Fourier
transform
bˆi(z, t) =
1√
2pi
∫
bˆi(z,ω)e−iωtdω. (4)
The frequency domain field operators are governed by the following Heisenberg-
Langevin coupled equations [34]:[
∂
∂ z
+α1(ω)− i∆k02
]
bˆ1(z,ω) = κ1(ω)bˆ†2(z,−ω)+ Fˆ1(z,ω),[
∂
∂ z
+g2(ω)+ i
∆k0
2
]
bˆ†2(z,−ω) = κ2(ω)bˆ1(z,ω)+ Fˆ†2 (z,−ω), (5)
where α1(ω) = −iω102c χ1(ω10 +ω) and g2(ω) = −iω102c χ∗2 (ω20−ω) describe the
linear propagation effects with the linear susceptibilities χi, κi(ω) are the nonlin-
ear parametric coupling coefficients, ∆k0 is the phase mismatching in vacuum, and
Fˆi(z,ω) are the Langevin noise operators. Neglecting the Langenvin noise operators
that contribute to uncorrelated noise photons, the above equations reduce to[
∂
∂ z
+α1(ω)− i∆k02
]
bˆ1(z,ω) = κ1(ω)bˆ†2(z,−ω),[
∂
∂ z
+g2(ω)+ i
∆k0
2
]
bˆ†2(z,−ω) = κ2(ω)bˆ1(z,ω), (6)
which are subject to the boundary conditions [bˆ1(0,ω), bˆ†1(0,ω
′)]= [bˆ2(L,ω), bˆ†2(L,ω
′)]=
δ (ω−ω ′) and 〈bˆ†1(0,ω ′)bˆ1(0,ω)〉= 〈bˆ†2(L,ω ′)bˆ2(L,ω)〉= 0. The general solution
to Eq. (6) is given as
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bˆ1(L,ω) = A(ω)bˆ1(0,ω)+B(ω)bˆ†2(L,−ω),
bˆ†2(L,−ω) =C(ω)bˆ1(0,ω)+D(ω)bˆ†2(L,−ω), (7)
where
A(ω) =
Qe−(α1+g2)L/2
qsinh(QL/2)+Qcosh(QL/2)
,
B(ω) =
2κ1
q+Qcoth(QL/2)
,
C(ω) =
−2κ2
q+Qcoth(QL/2)
,
D(ω) =
Qe(α1+g2)L/2
qsinh(QL/2)+Qcosh(QL/2)
. (8)
Here q(ω) =α1(ω)−g2(ω)− i∆k0 and Q(ω) =
√
q2(ω)+4κ1(ω)κ2(ω). The sin-
gle photon rates can be calculated from
R1 = 〈bˆ†1(L, t)bˆ1(L, t)〉=
1
2pi
∫
|B(ω)|2dω,
R2 = 〈bˆ†2(0, t)bˆ2(0, t)〉=
1
2pi
∫
|C(ω)|2dω. (9)
The two-photon Glauber correlation function can be determined by
G(2)12 (τ) = 〈bˆ†1(L, t+ τ)bˆ†2(0, t)bˆ2(0, t)bˆ1(L, t+ τ)〉= |ψ(τ)|2+R1R2, (10)
where the two-photon wave function is
ψ(τ) = 〈bˆ2(0, t)bˆ1(L, t+ τ)〉= 12pi
∫
B(ω)D∗(ω)e−iωτdω. (11)
Alternatively, the two-photon wave function can also be obtained from
ψ(τ) = 〈bˆ1(L, t+ τ)bˆ2(0, t)〉= 12pi
∫
A(ω)C∗(ω)e−iωτdω. (12)
When the system is conservative and the commutation relation of the field operators
is preserved, Eqs. (11) and (12) are equivalent. When the Langevin noise fluctua-
tions exist, Eqs. (11) and (12) become approximated solutions [35]. The photon pair
generation rate can be calculated from
R=
∫
|ψ(τ)|2dτ. (13)
The normalized two-photon cross-correlation function is
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g(2)12 (τ) =
G(2)12 (τ)
R1R2
= 1+
|ψ(τ)|2
R1R2
. (14)
It is instructive to see what parameters play important role in determining the
two-photon wave function under some reasonable approximations. To ensure the
spontaneous photon generation remains below the threshold and muti-photon-pair
events are suppressed, we work in the low parametric gain regime, i.e., |κ1(ω)κ2(ω)|
|q2|. We further take κ1 ' κ2 ' κ and assume the linear loss and gain of the medium
to the generated fields can be neglected for the generated fields (i.e., χi = χ∗i ). Under
these conditions, the ABCD parameters in Eq.(8) can be written approximately
A ' ei∆k1Lei∆k0L/2,
B ' κLsinc(∆kL/2)ei∆kL/2,
C ' −κLsinc(∆kL/2)ei∆kL/2,
D ' e−i∆k2Lei∆k0L/2, (15)
where ∆ki = χiωi0/(2c) and ∆k = ∆k1−∆k2 +∆k0. The biphoton wave function
in Eq. (11) then becomes
ψ(τ) =
L
2pi
∫
κ(ω)Φ(ω)e−iωτdω, (16)
where Φ(ω) is the the longitudinal detuning function
Φ(ω) = sinc
[
∆k(ω)L
2
]
ei[∆k1(ω)+∆k2(ω)]L/2. (17)
Equations (16) and (17) are the same as those obtained following a perturbation
treatment in the interaction picture [26]. The biphoton joint spectrum is determined
by two factors: the nonlinear parametric coupling coefficient κ(ω) and the longi-
tudinal detuning function Φ(ω) from the linear phase-matching and propagation
effects.
3.2 General Formalism: Resonant SPDC
Doubly resonant optical cavity plays an important role in obtaining single-mode
output for ultrabright biphoton generation. Here we develop the theory of resonant
biphoton generation in the Heisenberg picture.
We denote the signal and idler fields internal to the cavity by the standing-wave
cavity operators
as(t,z) = bs(t)exp(−iΩqt)sin(kqz)
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ai(t,z) = bi(t)exp(−iΩrt)sin(krz) (18)
where bs(t) and bi(t) are the slowly varying envelopes, Ωq and Ωr are the cold
cavity frequencies, kq = qpi/L and kr = rpi/L. We assume that only one pair
of signal and idler fields is resonant with the qth and rth cavity modes simul-
taneously (we will justify this in the following section). Since only the compo-
nents nonorthogonal to the qth and rth cavity mode interact with the signal and
idler fields respectively, the generated dipole moment operators for the signal
and idler fields, which are proportional to bi(t)exp(−iΩqt)exp(ikqz)exp(i∆kz) and
bs(t)exp(−iΩrt)exp(ikrz)exp(i∆kz) where the phase mismatch ∆k = kp− kr− kq,
are projected against sin(kqz) and sin(krz).
Using the input-output coupling formalism [36, 37], the equations for the evolu-
tion of bs(t) and bi(t) and their relation to the incident fields are
∂bs(t)
∂ t
+
Γs
2
bs(t) = −iκ b†i (t)+
√
γs bins (t)
∂b†i (t)
∂ t
+
Γi
2
b†i (t) = iκ bs(t)+
√
γi bin†i (t), (19)
where bins (t) and b
in
i (t) are the fields incident on the resonant cavity and κ is the cou-
pling constant. With {∆s,∆i} and {rs,ri} denoting the spacing of the cavity modes
and the mirror reflectivity, respectively, the output coupling rates of the signal and
idler fields are γs = ∆s(1− rs) and γi = ∆i(1− ri). With ξs and ξi defined as the
single-pass power loss for the signal and idler fields in the crystal, the total cavity
decay rates are Γs = 2ξs∆s+ γs and Γi = 2ξi∆i+ γi.
The slowly varying output fields bouts (t) and b
out†
i (t) are related to the internal
and incident fields by
bouts (t) =
√
γs bs(t)−bins (t)
bout†i (t) =
√
γi b†i (t)−bin†i (t). (20)
They can be solved by transforming the coupled equations to the frequency domain
with the Fourier pair
b(t) =
∫ ∞
−∞
b(ω ′)exp(−iω ′t)dω ′
b(ω) =
1
2pi
∫ ∞
−∞
b(t ′)exp(iωt ′)dt ′ (21)
and converting to rapidly varying quantities
a(ωs,i) = b(ωs,i−Ωq,r)
a†(ωs,i) = b†(ωs,i+Ωq,r) (22)
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The output fields aouts (ω) and a
out†
i (−ωi) can then be expressed in terms of incident
fields ains (ω) and a
in†
i (−ωi),
aouts (ω) = A(ω) a
in
s (ω)+B(ω) a
in†
i (−ωi)
aout†i (−ωi) = C(ω) ains (ω)+D(ω) ain†i (−ωi), (23)
with commutators [ainj (ω1),a
in†
k (ω2)] = [a
out
j (ω1),a
out†
k (ω2)] =
1
2pi δ jkδ (ω1 −ω2).
For small gain the coefficients are given by
A(ω) =
γs−Γs/2+ i(ω−Ωq)
Γs/2− i(ω−Ωq)
B(ω) =
−iκ√γsγi
[Γs/2− i(ω−Ωq)][Γi/2+ i(ωi−Ωr)]
C(ω) =
iκ√γsγi
[Γs/2− i(ω−Ωq)][Γi/2+ i(ωi−Ωr)]
D(ω) =
γi−Γi/2− i(ωi−Ωr)
Γi/2+ i(ωi−Ωr) (24)
With Eq. (23) and (24), we obtain the spectral power density at the signal fre-
quency
S(ω) =
1
2pi
|B(ω)|2 = 8γsγiκ
2
pi[4(ω−Ωq)2+Γ 2s ][4(ωi−Ωr)2+Γ 2i ]
, (25)
with the biphoton linewidth ∆ω = [(
√
Γ 4s +6Γ 2s Γ 2i +Γ 4i −Γ 2s −Γ 2i )/2]1/2, and the
total paired count rate at exact phase matching,
R=
1
2pi
∫ ∞
−∞
|B(ω ′)|2dω ′ = 4γsγiκ
2
ΓsΓi(Γs+Γi)
. (26)
Compared to a non-resonant forward-wave SPDC of the same crystal length and
pumping power [Eq. (13)], the generation rate of a lossless resonant backward-wave
SPDC is thus increased by a factor of
ηr ≈ 8Fpir1/2
|vs− vi|
(vs+ vi)
, (27)
where F is the cavity finesse, r is the mirror reflectivity, and vs,i are the group ve-
locities of the signal and idler photons. The spectral brightness is increased by a
factor of ηb = ηr∆ωG/∆ω with ∆ωG being the gain linewidth of the parametric
interaction.
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If the generation rate of biphotons is small as compared to the inverse of the
temporal length of the biphoton, the accidental two-photon events may be neglected
and the time domain Glauber correlation function (namely the biphoton wavepacket)
is given by [38]
G(2)(τ) =
∣∣∣∣ 12pi
∫ ∞
−∞
A(ω ′)C∗(ω ′)eiω
′τdω ′
∣∣∣∣2+ ∣∣∣∣ 12pi
∫ ∞
−∞
|B(ω ′)|2dω ′
∣∣∣∣2
≈ 4ΓsΓiκ
2
(Γs+Γi)2
×
{
eΓsτ , τ < 0
e−Γiτ , τ > 0 . (28)
where τ = ti−ts is the time delay between the arrival of the signal and idler photons.
The biphoton correlation time is then Tc = (ln2)(1/Γs+ 1/Γi). The asymmetry of
biphoton wavepacket in τ is due to the order of detection of the signal and idler
photons.
3.3 Single-mode output
The narrow gain linewidth of the backward-wave parametric interaction is advanta-
geous for generating single-mode biphotons in a monolithic doubly resonant down-
converter. Consider a 3-cm long PPKTP crystal placed inside a cavity of the same
length. The cluster spacing ∆ΩCl ∼= 2pi · 1.75 cm−1 and the gain linewidth of the
parametric interaction ∆ωG ∼= 2pi · 0.08 cm−1. Since ∆ΩCl is much broader than
∆ωG, there will only be one doubly resonant mode within the gain linewidth when
the cavity is properly tuned. This is shown in Fig. 5 where the gain curves of the
forward-wave type (red) is also shown for comparison.
The properties of the single-mode biphotons can be calculated as for the case
of forward-wave interaction. We assume a cavity finesse of 1000. The time-domain
biphoton wavepacket is plotted in Fig. 6(a), which is slightly asymmetric due to the
different ring-down times at the signal and idler frequencies. The biphoton correla-
tion time is 68 ns. The spectral power density of the biphotons is plotted in Fig. 6(b)
and has a Lorentzian shape. The biphoton linewidth is 2pi ·2.1 MHz. For exact phase
matching, the spectral brightness of the generated biphotons is 8.16 ·104 s−1MHz−1
per mW of pump power and, as compared to a non-resonant forward-wave source
of the same material, pumping power, and length, is about 80 000 times higher.
3.4 Experimental challenge
The backward-wave parametric interaction was proposed in the 1960’s for imple-
menting a mirrorless oscillator in the infrared regime [39]. The experimental demon-
stration, however, was not realized until forty years later [32] because of the required
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Fig. 5 Gain profile of backward-wave parametric interaction (solid) as compared to that of a
forward-wave interaction (dash). The vertical line at 0 denotes a mode pair of the resonant cavity
that is taken at the degenerate frequency. The next mode pair, separated by the cluster spacing is
outside the gain linewidth of the backward-wave parametric interaction.
Fig. 6 (a) Time domain biphoton wavepacket of the backward-wave spontaneous down-conversion
within a resonant cavity. (b) Spectral power density at the signal frequency.
quasi-phase matching with sub-micron periodicity [30, 31].
To construct a backward-wave biphoton source as described above, a 532 nm
laser may be used as the pump source to generate biphotons at the degenerate
frequency of 1.064 µm. For type-II phase matching, a KTP crystal periodically
poled with a periodicity of Λ = 872 nm is required to accomplish the third-order
(m = 3) quasi phasematching so that kp = KG+ ks− ki, where the lattice k-vector
KG = 2pim/Λ . Realization of such source thus needs a KTP crystal that is periodi-
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cally poled with a sub-micron periodicity. Although challenging, it can be done with
current structuring technique [32].
4 Spontaneous Four-Wave Mixing with Electromagnetically
Induced Transparency
(a)
p?
p? c
?
|4?
|1?
|3?
|2?
s?
c?
85Rb?MOT
p?
as?
s?
as?
(b)
Fig. 7 Biphoton generation via SFWM in a four-level double-Λ atomic system. (a) The atomic
energy level diagram. (b) The backward-wave biphoton generation geometry.
Here we describe narrowband biphoton generation via SFWM with EIT [40, 41]
in cold atoms. The modeled four-level double-Λ atomic system and backward-wave
configuration are shown in Fig. 7. |1〉 and |2〉 are two long-lived ground states (such
as the two hyperfine ground states of alkali atoms) and between them there is no
electric dipole transition. |3〉 and |4〉 are two excited states (in some scheme they
can be the same state). A pump laser (ωp) excites atoms at the transition |1〉 → |4〉
with a detuning ∆p. A coupling laser (ωc) dresses the states |2〉 and |3〉 resonantly.
In the presence of continuous-wave counter-propagating pump and coupling lasers,
phase-matched backward paired Stokes (ωs) and anti-Stokes (ωas) photons are spon-
taneously produced following the transitions |4〉 → |2〉 and |3〉 → |1〉, respectively.
We assume the pump laser is far detuned from the transition |1〉 → |4〉 and its ex-
citation is weak such that the majority of atomic population remains in the ground
state |1〉. Under this ground-state approximation, we further assume that both the
pump and coupling laser beams are undepleted in the atomic medium. As shown
in 7(a), the coupling laser and the weak generated anti-Stokes field form a standard
three-level Λ EIT scheme. As a result, the coupling laser not only participates in
the SFWM nonlinear process but also renders the medium transparent for the res-
onantly generated anti-Stokes photons. This EIT resonance dramatically enhances
the SFWM nonlinear photon conversion efficiency. Moreover, in this system, the
anti-Stokes photons propagate with a slow group velocity due to the EIT effect [42]
while the Stokes photons travel nearly with the speed of light in vacuum. Below
we show that this group velocity mismatching is the key to manipulating the phase-
matching spectrum and thus the biphoton bandwidth. In the backward-wave con-
Narrowband Biphotons: Generation, Manipulation, and Applications 15
figuration paired Stokes and anti-Stokes photons can propagate collinearly with the
pump and coupling beams, and can also propagate in a right-angle geometry, de-
pending on how well the relationship kp+kc = 0 is satisfied, where kp,c are wave
vectors of the pump and coupling fields.
The cold atoms (without Doppler broadening effect) are confined within a long,
thin cylindrical volume of a length L and atomic density is N. The experiments re-
viewed in this chapter are mostly done with cold atoms in a two-dimensional (2D)
magneto-optical trap (MOT) [43]. To adapt the theory in Sec. 3.1, we replace the
field index 1 with as and 2 with s. The nonlinear parametric coupling coefficients
(κas and κs) for the SFWM process are connected to the third-order nonlinear sus-
ceptibilities (χ(3)as and χ
(3)
s ):
κas(ω) = i
ωas0
2c
χ(3)as (ωas0+ω)EpEc,
κs(ω) = i
ωs0
2c
χ(3)∗s (ωas0−ω)E∗pE∗c . (29)
Here Ep and Ec are the electric field amplitude of the pump and coupling laser
beams, resectively. Under the ground-state approximation, the third-order nonlinear
susceptibility for the generated anti-Stokes and Stokes fields are
χ(3)as (ωas0+ω) =
Nµ13µ32µ24µ41/(ε0h¯3)
(∆p+ iγ14)[|Ωc|2−4(ω+ iγ13)(ω+ iγ12)]
=
−Nµ13µ32µ24µ41/(ε0h¯3)
4(∆p+ iγ14)(ω−Ωe/2+ iγe)(ω+Ωe/2+ iγe) ,
(30)
and
χ(3)s (ωas0−ω) = Nµ13µ32µ24µ41/(ε0h¯
3)
(∆p+ iγ14)[|Ωc|2−4(ω− iγ13)(ω− iγ12)]
=
−Nµ13µ32µ24µ41/(ε0h¯3)
4(∆p+ iγ14)(ω−Ωe/2− iγe)(ω+Ωe/2− iγe) .
(31)
µi j are the electric dipole matrix elements, Ωc = µ23Ec/h¯ is the coupling Rabi fre-
quency, and γi j are dephasing rates, respectively. ∆p = ωp−ω41 is the pump de-
tuning from the atomic transition |1〉 → |4〉. ω = ωas−ωas0 is the detuning of the
anti-Stokes photons from the transition |1〉 → |3〉, and we take ωas0 = ω31 as the
anti-Stokes central frequency. From Eqs. (30) and (31), we have χ(3)as (ωas0 +ω) =
χ(3)s (ωas0 +ω). As the pump laser is far detuned (∆p  γ14), we further obtain
χ(3)as (ωas0+ω)' χ(3)∗s (ωas0−ω). Ωe =
√
|Ωc|2− (γ13− γ12)2 is the effective cou-
pling Rabi frequency. γe = (γ12 + γ13)/2 is the effective dephasing rate. The third-
order nonlinear susceptibility has two resonances separated by Ωe and each is as-
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sociated with a linewidth of 2γe. These two resonances here indicate two SFWM
paths. In one path the frequency of the anti-Stokes photons is ωas0 +Ωe/2 and the
frequency of the correlated Stokes photons is ω42 +∆p−Ωe/2. In the other path
the anti-Stokes photons have frequency at ωas0−Ωe/2 while the paired Stokes pho-
tons at ω42 +∆p+Ωe/2. Consequently, the interference between these two types
of biphotons will appear in the two-photon temporal correlation, as shall be dis-
cussed in Sec. 4.1. The results obtained here agree with the dressed-state picture
[44, 45, 46].
The linear susceptibilities at the anti-Stokes and Stokes frequencies are, respec-
tively,
χas(ωas0+ω) =
4N|µ13|2(ω+ iγ12)/(ε0h¯)
|Ωc|2−4(ω+ iγ13)(ω+ iγ12) , (32)
χs(ωs0−ω) = N|µ24|
2(ω− iγ13)/(ε0h¯)
|Ωc|2−4(ω− iγ13)(ω− iγ12)
|Ωp|2
∆ 2p+ γ214
,
(33)
where Ωp = µ14Ep/h¯ is the pump Rabi frequency. The complex wave numbers of
Stokes and anti-Stokes photons are obtained from the relations ks = (ωs/c)
√
1+χs
and kas = (ωas/c)
√
1+χas, where the imaginary parts indicate the Raman gain and
EIT loss, respectively. In an ideal EIT system with zero ground-state dephasing, i.e.,
with γ12=0, the linear susceptibility is χas(ωas0)=0, implying zero linear absorption
of the anti-Stokes photons. This allows the nonlinear optics occurring on atomic
resonance without absorption and hence enhances the efficiency of the nonlinear
interaction.
Taking |Ωp|  ∆p, Eqs. (32) and (33) give kas ' kas0 +ω/Vg+ iα and χs ' 0
so that the wave-number mismatching is approximately ∆k ' ω/Vg+ iα . Here kas0
is the central wave number of the anti-Stokes field, Vg is its group velocity, and
α , the imaginary part of the anti-Stokes wave number, characterizes the EIT finite
loss caused by the non-zero ground-state dephasing rate γ12. Now Eq. (17) can be
approximated as
Φ(ω)' sinc
(ωL
2Vg
+ i
αL
2
)
exp
(
i
ωL
2Vg
− αL
2
)
. (34)
In Eq. (34), α = 2Nσ13γ12γ13/(|Ωc|2+4γ12γ13) where σ13 = 2pi|µ13|2/(ε0h¯λ13γ13)
is the on-resonance absorption cross section of the transition |1〉 → |3〉. The longi-
tudinal detuning function of Eq. (34) has a full-width-at-half-maximum (FWHM)
phase-matched bandwidth determined by the sinc function, ∆ωg = 2pi × 0.88/τg,
where τg = L/Vg is the anti-Stokes group delay time. The group delay time can
be estimated from τg = L/Vg ' (2γ13/|Ωc|2)OD with the optical depth defined as
OD= Nσ13L.
Therefore, there are two important characteristic frequencies that determine the
shape of the biphoton waveform. The first is the coupling effective Rabi frequency
Ωe , which determines the two-resonance spectrum of the nonlinear susceptibility.
Narrowband Biphotons: Generation, Manipulation, and Applications 17
The second is phase-matching bandwidth ∆ωg. In the time domain, they correspond
to the Rabi time τr = 2pi/Ωe and the group delay time τg. The competition between
τr and τg will determine which effect plays a dominant role in governing the feature
of the two-photon correlation. Therefore, in the following we will discuss the two-
photon joint-detection measurement in two regimes, damped Rabi oscillation and
group delay.
(a) (b)
Fig. 8 Two-photon correlation function in the damped Rabi oscillation regime. The missing of
other oscillation periods in (B) is due to the short dephasing time of about 33 ns. The experimental
parameters used here are γ13 = γ14 = 2pi × 3 MHz, γ12 = 0.6γ13, OD =11, ∆p = −7.5γ13, and
Ωp = 0.8γ13. Data are taken from Ref. [33].
4.1 Damped Rabi Oscillation Regime
We first look at the regime where the the nonlinear spectrum plays a dominant
role and the optical properties of the two-photon amplitude (16) are mainly deter-
mined by the nonlinear coupling coefficient. This regime requires that the effective
coupling Rabi frequency Ωe be smaller than the phase-matching bandwidth ∆ωg,
i.e.,Ωe < ∆ωg, or equivalently, τr > τg, so that we can treat the longitudinal detun-
ing function as Φ(ω) ' 1. The biphoton spectral generation rate is proportional to
|κL|2 ∝ |χ(3)L|2. Hence both biphoton spectrum intensity and emission rate are pro-
portional to OD2. The two-photon temporal correlation function exhibits a damped
Rabi oscillation resulting from the interference between the two resonances of the
nonlinear coupling coefficient.
We consider the case of Ωc > |γ13 − γ12| first, which implies a real effective
coupling Rabi frequency Ωe. Following Eq.(16), the two-photon wave amplitude
now is determined by the Fourier transform of the nonlinear coupling coefficient
(29) to give
ψ(τ) = BLe−γeτe−iϖasτ sin
(Ωeτ
2
)
Θ(τ),
=
i
2
BLe−γeτe−iϖasτ [e−iΩeτ − eiΩeτ ]θ(τ). (35)
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Here B = −iNµ13µ32µ24µ41
√
ϖasϖs
4cε0h¯3Ωe(∆p+iγ14)
and Θ(τ) is the Heaviside step function, i.e.,
Θ(τ) = 1 for τ ≥ 0, and Θ(τ) = 0 for τ < 0. The physics of Eq. (35) is under-
stood as follows. Because the two-photon state is entangled, it cannot be factor-
ized into a function of tas times a function of ts. |ψ|2, depends only on the relative
time delay τ , which implies that the pair is randomly generated at any time. The
first term in the bracket on the RHS of Eq. (35) represents the two-photon am-
plitude of paired anti-Stokes at ωas0 +Ωe/2 and Stokes at ωs0−Ωe/2; while the
second term is the two-photon amplitude of paired anti-Stokes at ωas0−Ωe/2 and
Stokes at ωs0 +Ωe/2. Equivalently, this frequency entangled state can be written
as |ωas0+Ωe/2〉as|ωs0−Ωe/2〉s−|ωas0−Ωe/2〉as|ωs0+Ωe/2〉s. To further see the
interference, let us look at the two-photon Glauber correlation function,
G(2)(τ) =
1
2
|BL|2e−2γeτ[1− cos(Ωeτ)]Θ(τ), (36)
which displays a damped Rabi oscillation with an oscillation period of 2pi/Ωe and a
damping rate of 2γe. The heaviside functionΘ(τ) shows that the anti-Stokes photon
is always generated after its paired Stokes photon by following the FWM path shown
in Fig. 7(a). The two-photon correlation function also shows the well-known anti-
bunching effect [G(2)(0) ≤ G(2)(τ)]. Similarly to the polarization entangled Bell
states, the visibility of the Rabi oscillation, resulting from the two-photon interfer-
ence in time domain, can be taken as an evidence for the time-frequency entangle-
ment.
Figure 8(a) shows the first experimental demonstration of this type of biphoton
source by Balic´ et al. [33]. Figure 8(a) corresponds to the case of τe > τr and the
oscillations are clearly resolved. Figure 8(b) is the case of τe < τr where only the
first oscillation is observable and other disappear because of the fast dephasing rate
γe.
Rabi oscillations have also been observed in three-level and two-level atomic
systems [47, 48, 49].
4.2 Group Delay Regime
Suggested by Balic et al.[33] and demonstrated by Du et al.[24], the group delay
regime is defined as τg > τr and the EIT slow-light effect can be used to control
the biphoton temporal coherence time. The group delay condition is equivalent to
Ωe > ∆ωg ≈ 2pi/τg, i.e., the biphoton bandwidth is determined by phase matching.
For this reason, in this subsection we treat the third-order nonlinear susceptibility
as a constant over the phase-matching spectrum. As a consequence, the double res-
onances of biphoton generation are suppressed. The two-photon correlation tends
to be rectangular shaped, more like that of the conventional SPDC photons. We ob-
tain the biphoton wave function approximately as ψ(τ)' κ0LΦ˜(τ), where κ0 is the
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on-resonance nonlinear coupling constant and Φ˜(τ) = 1/(2pi)
∫
Φ(ω)e−iωτdω is
Fourier transform of the longitudinal detuning function. When the EIT bandwidth
[∆ωtr ' |Ωc|2/(2γ13
√
OD)] is wider than the phase-matching bandwidth, the anti-
Stokes loss is negligible and the two-photon wave function approaches a rectangular
shape. However, when the EIT loss is significant, the biphoton waveform follows an
exponential decay.
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Fig. 9 Two-photon correlation function in the group delay regime. (a) Ideal rectangular-shape
correlation with a relative group delay L/Vg and pair emission rate R. (b) Experimental data (red)
and theoretical curve (solid blue line) obtained from the Heisenberg-Langevin theory. Data are
taken from Ref. [24].
When ∆ωtr > ∆ωg, we ignore the EIT linear loss and rewrite Eq. (34) as
Φ(ω)' sinc
(ωL
2Vg
)
exp
(
i
ωL
2Vg
)
. (37)
We then obtain the biphoton wave function
ψ(τ)' κ0LΦ˜(τ) = κ0VgΠ(τ;0,L/Vg)e−iϖasτ . (38)
The rectangular function is defined asΠ(τ;τ1,τ2)= θ(τ−τ1)−θ(τ−τ2). Equation
(38) shows that the anti-Stokes photon is always delayed with respect to its paired
Stokes photon because of the slow light effect. The two-photon correlation time is
determined by the group delay τg = L/Vg. Using Eq. (13) we get the photon pair
generation rate
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R= |κ0|2VgL. (39)
Thus in the group delay regime the total rate of paired counts scales linearly as
OD even though the spectral generation rate, κ0LΦ(ω), scales as OD2. This is
because the bandwidth reduces linearly with optical depth [33]. As illustrated in
Fig. 9(a), the rectangular-shape waveform can be understood in the following pic-
ture. When the photon pair is produced from the front surface (z = L), the anti-
Stokes photon has no delay and both photons arrive at detectors simultaneously.
When emitted from the back surface (z = 0), the anti-Stokes photon is delayed
relative to the Stokes photon by τg. Since the photon pair generation probability
density is evenly distributed in the medium, a rectangular shape shows up in the
biphoton temporal waveform. Figure 9(a) shows an ideal rectangular-shape correla-
tion with a group delay of τg = L/Vg. For conventional SPDC photons, the sub-ps
rectangular-shaped biphoton waveform has only been indirectly confirmed in [50].
For the SFWM in cold atoms discussed here, we find that to observe the rectan-
gular shape, the condition ∆ωtr > ∆ωg sets a lower bound for the optical depth.
Using ∆ωtr ' |Ωc|2/(2γ13
√
OD) and ∆ωg ' 2pi/τg ' pi|Ωc|2/(γ13OD), we obtain
OD > 4pi2. Or equivalently, it requires the EIT delay-bandwidth product greater
than two [51].
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Fig. 10 Biphotons with coherence time up to about 2 µs. Operating parameters are: OD=130,
Ωc = 2pi×7.77 MHz and Ωp = 2pi×1.14 MHz. Data are taken from Ref. [25].
In Fig. 9(b) the experimental demonstration of a near-rectangular-shape correla-
tion is obtained at the optical depth around 53 [24]. The experimental parameters
used here are γ13 = γ14 = 2pi × 3 MHz, γ12 = 0.02γ13, OD = 53, ∆p = 48.67γ13,
Ωp = 1.16γ13, and Ωc = 4.20γ13, respectively. The EIT transparency width is esti-
mated around 3.63 MHz and the phase-matching spectral width about 2.93 MHz. It
is found that the exponential-decay behavior at the tail is due to the finite EIT loss,
which alters the correlation function away from the ideal rectangular shape.
The sharp peak shown in the leading edge of the two-photon coincidence counts
in Fig. 9(b) is the first observed Sommerfeld-Brillouin precursor at the biphoton
level [52]. In the stationary-phase approximation, starting from Eq. (16) one can
show that the sharp peak results from the beating of biphotons which are generated
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outside of the EIT opacity window. The detailed analysis of the precursor generation
at the two-photon level has been presented in [52].
Following Eq. (38), one expects the length L/Vg of the rectangular function in-
creases if one reduces the anti-Stokes group velocity Vg by reducing the coupling
laser power. However, Eq. (38) is valid only when the EIT is preserved. When the
EIT loss becomes significant, the biphoton has an exponential decay waveform [26].
Therefore at a certain OD, there is a limitation to prolonging the coherence time
while maintaining the rectangular-like shape. Most recently, by pushing the OD
to 130, the two-photon coherence time was extended to nearly 2 µs, as shown in
Fig. 10, which corresponds to a FWHM bandwidth of 0.43 MHz [25].
5 Manipulation of Narrowband Single Photons
The long coherence time of these narrow-band biphotons allows us to not only di-
rectly resolve their temporal waveform with existing commercial single photon de-
tectors (with a typical resolution of 1 ns) but also manipulate their quantum wave-
form with external phase-amplitude modulators [53, 54]. In addition, compared with
SPDC using a single pump laser, there are more freedoms to manipulate the the
biphoton generation in SFWM with two driving lasers. We will show in this section
how to engineer the biphoton quantum states by controlling the temporal [55, 56]
and spatial patterns [25, 35] as well as the polarizations [48, 57] of the classical
driving fields.
1) Electro-Optical Modulation of Heralded Single Photons
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Fig. 11 Schematic of heralded single photon generation and conditional modulation with an EOM.
It is well know that time-frequency entangled photon pairs can be used to effi-
ciently produce heralded single photons with well defined relative time origin. Here
we describe how single photons may be modulated so as to produce single-photon
waveforms whose amplitude and phase are functions of time. As shown in Fig. 11,
The detection of a Stokes photon at D1 triggers the function generator that drives
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Fig. 12 Waveforms of heralded anti-Stokes photons. (a) Modulated and unmodulated waveforms.
(b) Waveforms with Gaussian and rising exponential shapes. Data are taken from [53].
the electro-optic modulator (EOM) to shape the waveform of the anti-Stokes pho-
ton. In this way the heralded anti-Stokes photon temporal wave function (phase and
amplitude) may be shaped in the same manner as one modulates a classical light
pulse.
When a Stokes photon is detected at Ds (zs = 0), the heralded single anti-Stokes
photon wave packet shaped by the EOAM can be described as
Ψ(z,τ) = 〈0|m(τ)aˆas(z,τ)aˆs(0,0)|Ψs,as〉
= m(τ− z/c)ψ(τ− z/c)ei(kas0z−ωas0τ). (40)
where |Ψs,as〉 is the two-photon time-frequency entangled state [26], and m(τ) is the
modulation. It is clear that the heralded single-photon waveform is directly modu-
lated by the EOM. Therefore, within the coherence time, the single-photon wave-
form can be arbitrarily shaped. As shown in Fig. 12, The heralded single photons
can be modulated into two rectangular pulses, Gaussian or time reversed exponential
[53].
The importance of the electro-optic method is its speed and ability to modulate
phase as well as amplitude. The technique provides the technology for studying the
response of atoms to shaped single photon waveforms on a time-scale comparable
to the natural linewidth.
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2) Quantum Fourier Cosine Transform: Modulation and Measurement of
Biphoton Waveform
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Fig. 13 Modulation and measurement of time-energy entangled photons synchronously driven
sinusoidal modulators and slow detectors.
As described previously, the Stokes-anti-Stokes two-photon temporal waveform
is directly measured as coincidence counts between two single photon detectors.
However, if the speed of the detectors is slow as compared to the two-photon correla-
tion time, the biphoton temporal waveform can not resolved by the resolution of the
detectors. That is the reason why the wide-band SPDC biphoton waveform can not
be directly measured by the existing commercial single photon detectors. Here we
describe an approach to the problem of measurement of biphoton waveforms using
slow detectors. Figure 13 shows the essential idea. The Stokes and anti-Stokes pho-
tons are incident on synchronously driven sinusoidal amplitude modulators (MOD1
and MOD2). The coincidence count rate between single-photon counting modules
(SPCMs) is measured as a function of the sinusoidal modulation frequency. The
SPCMs are slow as compared to the pulse width of the biphoton waveform. With τ
equal to the relative arrival time of the Stokes and anti-Stokes photons, the inverse
Fourier transform of the (frequency domain) measurement of coincidence counts
versus frequency yields the Glauber correlation function G(2)(τ) and therefore the
square of the absolute value of the biphoton wave function [54].
The modulated correlation function can be written as
G(2)M (t, t+ τ) = |m1(t)|2|m2(t+ τ)|2G(2)0 (τ), (41)
where m1 and m2 are the two amplitude modulation functions. G
(2)
0 (τ) is the un-
modulated Glauber correlation function. We average G(2)M (t, t+ τ) over a period T
of the modulating frequency to form the time averaged correlation function
G(2)M (τ) =
1
T
∫ T
0
G(2)M (t, tτ)dt. (42)
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Combining Eqs.(41) and (42), we obtain
G(2)M (τ) =M(τ)G
(2)
0 (τ),
M(τ) =
1
T
∫ T
0
|m1(t)|2|m2(t+ τ)|2dt (43)
where M(τ) is the intensity correlation function of the modulators. Here we assume
both channels are modulated by the same sinusoidal amplitude modulation m1(t) =
m2(t) = cos(ωt+ϕ). Then we have M(τ) = 1/4+1/8cos(2ωτ), and the integrated
coincidence count becomes∫ ∞
0
G(2)M (τ)dτ =
1
8
∫ ∞
0
[2+ cos(2ωτ)]G(0)(τ)dτ. (44)
We neglect the dc term and normalize to obtain the Fourier cosine transform pair
F(2ω) =
√
2
pi
∫ ∞
0
G(0)(τ)cos(2ωτ)dτ,
G(0)(τ) =
√
2
pi
∫ ∞
0
F(2ω)cos(2ωτ)dω. (45)
Therefore the two-photon correlation function can be obtained by an inverse Fourier
cosine transform from integrated coincidence counts (by slow detectors).
The proof of principle of the above Fourier technique in measuring biphoton
waveform was demonstrated with narrow-band biphotons and the slow detectors
are simulated with integration [54]. The result agrees well with the directly mea-
sured waveforms. For practical applications, this technique can be extended to short
biphotons.
3) Shaping Biphoton Temporal Waveforms with Temporally Modulated Clas-
sical Fields
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Fig. 14 Schematic of biphoton generation with modulated driving-laser fields. (a) Experimental
configuration. (b) Atomic energy level diagram for multichannel biphoton generation.
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By passing long single photons through electro-optical modulators (EOM), it is
possible to modulate one of the paired photons or their correlation function. How-
ever, these external modulators always introduce losses and attenuations. As shown
in Fig. 7, due to the two-photon resonance condition in the SFWM process in the
double-Λ atomic system, the central frequency of the Stokes photon follows the
pump laser, while the central frequency of the anti-Stokes photon follows the cou-
pling laser (in the group delay regime). As a result, if we add a modulation to the
pump (coupling) laser, the modulation will affect the generated Stokes (anti-Stokes)
photon. As compared to the SPDC source with a single pump laser, the SFWM
scheme with two driving lasers allows more freedoms to manipulate the biphoton
state by controlling the two classical driving lasers.
When the pump and coupling lasers are periodically modulated, As shown in
Fig. 14(b), the driving laser fields are decomposed in frequency domain into dis-
crete frequency components. As a result, biphoton generation follows many possi-
ble SFWM paths. The interference between these multichannel FWMs provides a
controllable way to manipulate and engineer the biphoton wave packets. Under the
condition that the atomic optical depth in the transition |1〉 → |3〉 is high, the EIT
slow light effect is significant, and there is no spectral overlap between these SFWM
channels, following the theory by Du et al. [55], the biphoton wave amplitude can
be obtained analytically
Ψ(ts, tas) =
cε0
2
√
IpIc
Ep(ts)Ec(tas)ψ0(tas− ts)× e−iωs0tse−iωas0tas , (46)
where Ep(ts) and Ec(tas) are the complex envelopes of the pump and coupling
laser fields. Ip and Ic are the pump and coupling laser average intensities. ψ0(tas−
ts)e−iωs0tse−iωas0tas is the original two-photon wave packet without modulation on
the driving fields. As shown in Eq. (46), the two-photon time-frequency entan-
glement information is preserved while the pump and coupling field profiles are
mapped into the biphoton waveform. The Stokes and anti-Stokes temporal correla-
tion function is
G(2)(ts, tas)≡ |Ψ(ts, tas)|2 = Ip(ts)Ic(tas)IpIc
G(2)0 (tas− ts),
(47)
where Ip(ts) and Ic(tas) are the pump and coupling laser intensity temporal profiles.
G(2)0 (τ) = |ψ0(τ)|2 is the correlation function without modulation. Therefore the
time-averaged correlation becomes
R(τ) = C(τ)R0(τ), (48)
where C(τ)≡ lim∆T→∞ 1∆TIpIc
∫ ∆T
0 Ip(t)Ic(t+τ)dt is the time-averaged pump-coupling
correlation function. Equations (46)-(48) show that it is possible to manipulate the
biphoton temporal wave packet and its correlation functions in a controllable way.
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The proof of principle has been experimentally demonstrated in Ref. [56].
4) Shaping Biphoton Temporal Waveforms with Spatially Modulated Classical
Fields
Following Rubin’s group delay picture [12], in the ideal group delay regime, the
rectangular waveform reflects the uniform spatial distribution of the photon pair
generation probability. This is indeed ensured in our previous theoretical model
where the atomic density, pump and coupling laser fields are assumed to be uni-
form. It is noticed that the biphoton generation probability is proportional to the
pump field intensity. Therefore, if the pump field is spatially modulated along the
longitudinal direction of the biphoton generation, this spatial modulation will affect
the biphoton temporal waveform. This effect was first reported in a recent exper-
iment for achieving the two-photon coherence time up to about 2 µs [25]. In this
experiment, the transverse Gaussian amplitude profile of the pump laser beam is
projected to the biphoton longitudinal direction and revealed in the two-photon cor-
relation function. This effect becomes only apparent at a high OD of more than 100
– at OD<60, the theory in Sec. 3.1 still holds and the pump field can be treated as a
plane wave even though in reality it is in a gaussian mode.
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Fig. 15 Biphoton temporal waveform reveals the Spatial Gaussian profile of the pump laser beam.
Operating parameters are: OD=130, Ωc = 2pi × 11.34 MHz and Ωp = 2pi × 1.14 MHz. Data are
taken from Ref. [25]
In Ref. [25], the pump-coupling laser beams are aligned with am angle of 2.8o to
the biphoton longitudinal z-axis and the pump beam transverse Gaussian profile is
projected to the z-axis. Taking into account the pump field profile effect, we modify
Eq. (11) to have
ψ(τ) =
1
2pi
∫
dωκ(ω)F(∆k)ei(kas+ks)L/2e−iωτ , (49)
where the longitudinal detuning function is replaced by F(∆k)ei(kas+ks)L/2. F(∆k)
is the Fourier transform of the pump field profile f (z) = 1/(2pi)
∫
dkF(k)eikz along
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the z-axis. In the group delay regime, the spatial phase propagation in Eq. (49) can
approximated as
(kas+ ks)L/2' φ0+ωτg/2, (50)
where φ0 is a constant phase factor. The two-photon spectrum is mainly determined
by the phase-matching longitudinal function F[∆k(ω)], and κ(ω)' κ0 varies slowly
in frequency. The we can reduce Eq.(49) to
ψ(τ)' κ0Vg f (L/2−Vgτ)eiφ0 . (51)
It is clear that the pump field spatial variation is mapped into the two-photon quan-
tum temporal waveform with its origin delayed by L/(2Vg) = τg/2. The two-photon
temporal correlation time is determined by the group delay τg of the slow anti-Stokes
photon.
Figure 15 shows the experimental results at OD=130 [25]. There are two main
features of the two-photon correlation function. The fast oscillating spike at the
leading edge is the biphoton optical precursor which travels at the speed of light in
vacuum [52]. The later, slowly varying long waveform is generated from the narrow
EIT window. The Gaussian shape reveals the pump laser intensity profile as we
expected from Eq. (51).
The detailed discussion of the effects of the nonuniformity of the driving fields
on the biphoton waveform and biphoton engineering with spatially modulated driv-
ing lasers can be found in [35].
5) Polarization Entanglement
The SFWM scheme provides a natural entanglement mechanism in the time-
frequency domain, but it is extremely difficult to produce polarization entanglement
because of the polarization selectivity of EIT in a non-polarized atomic medium
[58]. The “writing-reading” technique with optical pumping provides a solution to
polarization entanglement but results in reducing time-frequency entanglement [59].
Figure 16 shows a schematics for polarization entanglement generation in a right
angle geometry [48]. A single pump laser is retro-reflected and serve both pump
and coupling laser beams in the SFWM process. The perfect phase matching con-
dition allows spontaneously generated paired photons to be emitted at right angle.
To produce entanglement in polarization, we make use of the degenerate Zeeman
sub states of each hyperfine energy level. By choosing the 2D MOT longitudinal
symmetry axis as the quantization axis (z-axis), Zeeman states with ∆MF = 0 are
coupled by the linearly-polarized pump beams. Conservation of angular moment
along the z-axis allows two possible circular polarization configurations as shown
in Fig. 16(a): |σ+s σ−as〉 and |σ−s σ+as〉. From the symmetry of our system, the quantum
state of the paired Stokes and anti-Stokes photons at the two detectors are described
by
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Fig. 16 Polarization entanglement generation in a right-angle SFWM configuration. (a)85Rb en-
ergy level diagram with two possible polarization configurations for the spontaneously emitted
photon pairs. (b) Experimental setup with a right-angle geometry. Two sets of quarter-wave plates,
half-wave plates, and PBSs are inserted for measuring polarization correlation and quantum state
tomography. The figure is taken from Ref. [48].
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Fig. 17 Experimental setup for producing subnatural-linewidth polarization-entangled photon
pairs. The polarization entanglement is created by the quantum interference of the two spatially
symmetric SFWM processes driven by two counter-propagating pump-coupling beams (L1 and
L2). The inserted energy level diagrams are two possible SFWM channels for L1 and L2, respec-
tively. The figure is taken from Ref. [57].
|Ψs,as(ts, tas)〉= ψ(τ)e−iωs0tse−iωas0tas × 1√
2
(|σ+s σ−as〉+ |σ−s σ+as〉). (52)
However, in this right angle configuration, because of some forbidden transition
between the Zeeman sub states which can not be coupled by the coupling laser, the
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anti-Stokes photons do not see a complete EIT. As a result, the system can only
work at a low OD in the Rabi oscillation regime [48].
Figure 17 shows a more robust scheme for generating polarization entanglement
for narrowband biphotons in the group delay regime [57]. The pump laser beam is
equally split into two beams after the first polarization beam splitter (PBS1). These
two beams, with opposite circular polarizations (σ+ and σ−) after two quarter-
wave plates, then intersect at the MOT with an angle of ±2.5◦ to the longitudinal
axis. Similarly, the two coupling laser beams after PBS2 with opposite circular po-
larizations overlap with the two pump beams from opposite directions. In presence
of these two pairs of counter-propagating pump-coupling beams, phase-matched
Stokes and anti-Stokes paired photons are produced along the longitudinal axis. In
each SFWM path, the polarizations of the Stokes and anti-Stokes photons match
those of the corresponding pump and coupling fields.
To obtain the polarization entanglement, we must stabilize the phase difference
between the two SFWM spatial paths. This is achieved by injecting a reference laser
beam from the second input of PBS2. The two reference beams split after PBS2 are
then recombined after PBS1 and detected by a photo detector (PD, a half wave
plate and a PBS are used to obtain the interference), as shown in Fig. 17. This is
a standard Mach-Zehnder interferometer to the reference laser. Locking the phase
difference of the two arms of the Mach-Zehnder interferometer with a feedback
electronics stabilizes the phase of the two SFWM paths. To avoid its interaction
with the cold atoms, the reference beams are slightly displaced relative to the pump-
coupling beams but pass through the same optical components.
By properly choosing the driving laser polarizations and the phase between the
two SFWM paths, all four polarization-entangled Bell states can be realized for
subnatural-linewidth biphotons [57].
6 Applications
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Fig. 18 Schematics of experimental setup for studying photon-atom quantum interaction. Narrow-
band paired Stokes and anti-Stokes photons are produced from a cold atomic ensemble in MOT1.
The anti-Stokes photons pass through an EOM driven by a function generator triggered by the
detection of Stokes photons at Ds. We then send the heralded anti-Stokes photons with amplitude
modulation to the second cold 85Rb atomic ensemble at MOT2. The figure is taken from Ref. [77].
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In the past, experimental manipulation of a single photon interacting with atoms
have been mostly focused in the frequency domain. Now with the narrowband
biphoton generation technique described in this chapter, it is possible to control
the quantum interaction between a single photon and atoms in time domain. In this
section, we review the applications of heralded single photons whose waveforms
are shaped by an EOM. A general schematics is illustrated in Fig. 18. We work with
two-MOT setup. Narrowband Stokes and anti-Stokes biphotons are spontaneously
produced from cold atoms in the first MOT (MOT1). After detection of a Stokes
photon, its heralded anti-Stokes photon, after shaping by an EOM, is directed to the
cold atoms in the second MOT (MOT2). The atoms in MOT2 can be either a three-
level EIT system with a coupling laser or a two-level system without the coupling
laser. In the following we show three examples on how the photon-atom interaction
in MOT2 can be precisely controlled by manipulating the temporal waveform of the
heralded single photons.
1) Optical Precursor of a Single Photon
Now it has been well accepted that both phase velocity and group velocity of
light in a dispersive medium can exceed c, the speed of light in vacuum [60, 61].
Then, what is the information velocity of light? Could it be faster than c and vio-
late Einstein’s causality in the special relativity? Answering this question motivated
early study of optical precursors by Sommerfeld and Brillouin in 1914 [62, 63, 64].
They showed theoretically that the front of a step-modulated optical pulse (as a car-
rier of 1 bit information) propagating in a dispersive medium always travels at c.
This front, in the form of a transient wave now known as the Sommerfeld-Brillouin
precursor, is then followed by the main pulse traveling at its group velocity. Study of
optical precursors is of great interests not only for fundamental reasons since it is re-
lated to Einstein’s causality, but also for applications because of its connection to the
maximum speed of optical information transmission [65, 66, 67, 68, 69, 70, 71, 72].
Now it is clear that the precursor is the fastest part in the propagation of an optical
pulse even in a superluminal medium [68, 69, 71]. Classical precursors are entirely
based on macroscopic electromagnetic wave propagation.
A single photon is described by quantum mechanics. What is the speed of a sin-
gle photon in a dispersive medium? In quantum mechanics, an observable physical
quantity, such as the speed, usually takes many possible (discrete or continuous)
eigenvalues. Some may argue that a single photon event may possibly violate Ein-
stein’s causality while the expectation value of its speed never exceeds c. Although
The propagation effect of single photons through slow and fast light media has been
studied previously [73, 74, 75, 76], all of these experiments focused on the group
velocity picture. It remains a question whether there is a speed limit for a single
photon in the quantum nonclassical world. The detection of single-photon precursor
may shine light to this question as well as the understanding of quantum information
transmission.
Optical precursor of a single photon was first observed making use of narrow-
band heralded single photon with a step-shaped waveform [77], with the experi-
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Fig. 19 Single-photon optical precursors from a step amplitude modulation. (a) The heralded anti-
Stokes photon waveform with a step modulation. (b) and (c) are two-photon coincidences after the
anti-Stokes photons passing through the EIT system (Ωc2 = 3.5γ13, OD=20) and two-level system
(Ωc2 = 0, OD=2.5) in MOT2 respectively. Inset (d) shows a gaussian pulse propagation in the two-
level system with a peak advancement of about 40 ns (the lower curve) compared to the reference
pulse (the upper curve). Data are taken from Ref. [77]
mental setup shown in Fig. 18. The modulated heralded anti-Stokes photon wave-
form is shown in Fig. 19(a). After the anti-Stokes photon has passed through the
EIT medium in MOT2 (OD=20), the precursor is clearly seen at the rising edge
and separated from the delayed main waveform, shown in Fig. 19(b). To test single-
photon causal propagation in a superluminal medium, we turn off the coupling laser
in MOT2 to work in a two-level system, which has a negative group delay, as shown
in Fig. 19(d). we observe a peak advance of at least 40 ns and with about 10%
transmission compared to the propagation through vacuum. However, as shown in
Fig. 19(c), there is no observable advancement relative to the rising edge in the sin-
gle photon waveform. That is, using the quantum mechanics interpretation, there
is no observable probability for single photon traveling faster than c. This result
indicates that the optical precursor is always the fastest part even in superluminal
propagation and Einstein’s causality holds.
The observation of optical precursor of heralded single photons [77] confirms
the speed limit of a single photon in a dispersive medium, which is indeed the speed
of light in vacuum. The information velocity of a single photon does not follow its
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group velocity. It also suggests that the causality holds for a single photon.
2) Optimal Storage and Retrieval of Single-Photon Waveform
The second application example of narrowband heralded single photons with
arbitrary waveform shaping is for optical quantum memory. The efficiency of a
photon-atom quantum interface strongly depends on the temporal shape of single
photons [78]. Although storage of of weak coherent pulses have been demonstrated
with high efficiencies up to 87% [79, 80], obtaining such high efficiency with sin-
gle photons remains a technical challenge due to the difficulty in having narrow-
band single photons with optimal temporal waveform at the operation frequency
[81, 82, 83].
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Fig. 20 Optimal storage and retrieval of single photons with a storage efficiency of (49±3)%.
(a) The optimal input (red curve) and output (retrieval, green curve) heralded single-photon wave-
forms. (b) The time-reversed retrieved photon waveform matches the input photon waveform after
normalization. Data are taken from Ref. [84]
Making use of heralded narrowband single photons with an optimal waveform
shaped by EOM, Du et al reported an experimental demonstration of efficient stor-
age and retrieval of narrow-band single-photon waveforms using EIT in a cold
atomic ensemble [84]. With the ability to control both single-photon wave pack-
ets and the memory bandwidth, the storage efficiency is obtained up to (49±3)%.
The experimental result is shown in Fig. 20. To our knowledge, it represents the
highest storage efficiency for a single-photon waveform to date. Because an effi-
ciency above 50% is necessary to operate a memory for error correction protocols
in one-way quantum computation [85], this result brings the atomic quantum light-
matter interface closer to practical quantum information applications.
3) Coherent Control of Single-Photon Absorption and Reemission in a Two-
Level Atomic Ensemble
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When an optical pulse propagates through a dispersive medium, the absorption
and emission can coherently modify its spectral-temporal components and lead to
many fundamental and important optical phenomena, such as attenuation, amplifi-
cation, distortion, slow and fast light effects [40, 42, 86, 87, 88]. For a single photon
in the absorptive medium, the remission can only occur after the absorption, as re-
quired by the causality. Although this quantum time order has been observed as the
antibunching effect in resonance fluorescence [49, 89], the processes in these ex-
periments are chaotic. After a single photon enters a two-level atomic medium and
gets absorbed, the spontaneously reemitted photon usually goes to 4pi solid angle
randomly.
It turns out a directed “spontaneous” emission excited by a single photon is possi-
ble if the timing of absorption is traceable [90]. Moreover, this direct “spontaneous”
emission can be manipulated in time domain by controlling the single-photon tem-
poral waveform [91]. For example, making use of the destructive interference be-
tween the emission (or scattering) and the incident photon wave packet, the prob-
ability of remitting the photon during the absorption can be completely suppressed
when the incident photon has an exponential growth waveform with a time constant
equal to the excite-state lifetime. The remission process only starts after the incident
photon waveform is switched off and thus can be controlled on demand.
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Fig. 21 Coherent control of single-photon absorption and reemission in a two-level laser-cooled
atomic ensemble. Heralded anti-Stokes photon waveforms after passing through the two-level
atomic ensemble at (a) OD=0 (vacuum), (b) OD=3, and (c) OD=8. (d) and (e) show the mea-
sured conditional autocorrelation g(2)c for confirmation of the single-photon quantum nature. Data
are taken from Ref. [91]
We illustrate the process in Fig. 18, where we turn off the coupling laser in MOT2
and have the atoms there in a two-level system. With the EOM modulation, we
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produce single anti-Stokes photons with an exponential growth waveform with a
time constant equal to 1/(2γ13) =26.5 ns for the incident anti-Stokes photons, as
shown in Fig. 21(a). Here 2γ = 2pi × 6 MHz is the population decay rate in the
excite state. At τ = t2− t1 = 0, the waveform is switched off with a fall time of
3 ns. After passing through the atoms, the photons are coupled into a SMF to be
detected by a SPCM. Fig. 21(b) shows the result at OD=3. At this modest OD,
during the exponential growth period (τ < 0), the photon waveform is only partially
absorbed. After the incident photon is switched off at τ=0, this partially absorbed
waveform is released (re-emitted) following a exponential decay curve which is
determined by the lifetime [1/(2γ)] of the excited state. As we increase the OD, the
incident photon gets absorbed more heavily. At OD=8, as shown in Fig. 21(c), the
photon is completely absorbed and the probability in finding the remitted photon
at τ < 0 is nearly zero due to the destructive interference. As expected, at τ > 0,
the interference between the incident waveform and the emission disappears and
we observe the remitted photon. Consequently, the absorption and reemission of the
single photon is completely separated in time domain.
This technique can be used to efficiently excite a single quantum absorber in a
cavity by a single photon [92, 93]. The result may find potential applications in the
quantum networks which require efficient conversion between flying single-photon
states and local atomic states [94].
4) Single-Photon Differential-Phase-Shift Quantum Key Distribution
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Fig. 22 Schematics of single-photon differential phase shift quantum key generation and distribu-
tion.
Due to the long coherence time of the heralded single photon, its wave packet can
be encoded into many time bins with phase-amplitude modulation. It thus become
an ideal information carrier for the differential phase shift quantum key distribu-
tion (DPS-QKD) [95, 96]. Traditionally, discrete polarization quantum states have
been widely used due to their simplicity [97]. However, the fiber length of such a
polarization-based QKD system is limited by the birefringence effect that causes
the polarization fluctuation on the receiver. This limit can be overcome by the DPS-
QKD scheme that is polarization independent. The DPS-QKD also shows tolerance
to photon-number-splitting (PNS) attacks [96, 98].
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A simplified schematics of the first single-photon DPS-QKD system is illustrated
in Fig. 22 [99]. Alice divides the single photon into N (≥ 3) time slots (with a period
of T ). The keys are encoded by the random relative phase shift between consecutive
pulses in 0 or pi . Bob detects the incoming photon using an unbalanced M-Z inter-
ferometer setup with a path time delay difference equal to T . Taking N = 3 as an
example, the detection at Bob’s site yields four possible time-slot outputs, (a)-(d),
as shown in Fig. 22. As Bob detect a photon, he records the time and which detec-
tor clicks. If the detector clicks at the (b) or (c) time slot, Bob tells Alice only the
time slot information through a classical channel; otherwise, Bob discards the pho-
ton. Using the time-slot information and her phase encoding records, Alice knows
which detector clicked at Bob’s site. Defining the clicks at D1 and D2 as “0” and “1”
respectively, Alice and Bob can obtain a confidential bit string as a sharing key. The
photon sent from Alice to Bob can be written as one of the following four states:
(|110203〉± |011203〉± |010213〉)/
√
3, where 1i=1,2,3 represents one photon at time
slot i. As nonorthogonal with each other, the four states cannot be perfectly iden-
tified by a single measurement, as shown by the noncloning theorem [100], which
guarantees the security of the scheme.
In the original DPS-QKD proposal [95], a single photon is split into N paths with
different lengths and then recombined with passive beam splitters. This brings un-
avoidable loss, which results in a low key creation efficiency [∝ (N−1)/N2] when
N is large. Meanwhile, the phase stabilization between different paths becomes a
serious problem N increases. In the experimental demonstration of single-photon
DPS-QKD, each heralded narrowband single photon is modulated into many time
slots (N up to 15) using a pair of phase and amplitude EOMs [99]. Without usind
beam splitters, the entire key creation efficiency scales as (N−1)/N and approaches
100% at the limit of large N [99, 101]. The details of the experiment are described
in Ref. [99].
7 Summary
In summary, we have reviewed recent development in narrowband biphoton gen-
eration. For the SFWM in cold atomic medium, EIT effect is used not only for
resonantly enhancing the χ(3) nonlinearity by eliminating the resonance absorption
but also for tuning the phase-matching bandwidth with its slow-light effect. For the
monolithic resonant backward-wave and forward-wave SPDC with cluster effect
and double-pass pumping, it is possible to realize a miniature ultrabright biphoton
source. These narrowband biphotons with long coherence time from tens nanosec-
onds to several microseconds can be used to produce heralded single photons with
arbitrarily shaped temporal waveforms by phase-amplitude modulations. We also
reviewed their applications in manipulating temporal quantum interactions between
single photons and atoms, as well as in the quantum key distribution. Most recently,
it was demonstrated that a single photon with time-reversed exponential growth
waveform can be loaded into a single-sided Fabry Pe´rot cavity with near-unity ef-
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ficiency [102, 103]. With the time-resolved quantum-state tomography [104, 105],
their further applications in quantum network and quantum information processing
are to be explored.
Acknowledgements C.-S. C. acknowledges support from the Taiwan Ministry of Science and
Technology (NSC101-2112-M-007-001-MY3, MOST103-2112-M-007-015-MY3) and National
Tsing Hua University (101N7014E1, 103N2014E1). S. Du acknowledges the support from the
Hong Kong Research Grants Council (Project Nos. 601411, 601113, and HKU8/CRF/11G).
References
1. A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777 (1935)
2. J. C. Howell, R. S. Bennink, S. J. Bentley, and R. W. Boyd, Phys. Rev. Lett. 92, 210403 (2004).
3. J. S. Bell, Physics (N.Y.) textbf1, 195 (1965).
4. J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt, Phys. Rev. Lett. 23, 880 (1969).
5. A. Aspect, P. Grangier, and G. Roger, Phys. Rev. Lett. 47, 460 (1981).
6. A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991).
7. C. H. Bennett, G. Brassard, C. Cre´peau, R. Jozsa, A. Peres, W. K. Wootters, Phys. Rev. Lett.
70, 1895 (1993).
8. J. Yin, J.-G. Ren, H. Lu, Y. Cao, H.-L. Yong, Y.-P. Wu, C. Liu, S.-K. Liao, F. Zhou, Y. Jiang,
X.-D. Cai, P. Xu, G.-S. Pan, J.-J. Jia, Y.-M. Huang, H. Yin, J.-Y. Wang, Y.-A. Chen, C.-Z.
Peng, and J.-W. Pan, Nature 488, 185 (2012).
9. M. Neilson and I. Chuang, Quantum Computation and Quantum Information (Cambridge U.
Press, 2000).
10. S. E. Harris, M. K. Oshman, and R. L. Byer, Phys. Rev. Lett. 18, 732734 (1967).
11. D. Burnham and D. Weinberg, Phys. Rev. Lett. 25, 84 (1970).
12. M. H. Rubin, D. N. Klyshko, Y. H. Shih, and A. V. Sergienko, Theory of two-photon entan-
glement in type-II optical parametric down-conversion, Phys. Rev. A 50, 5122 (1994).
13. X. Li, P. L. Voss, J. E. Sharping, and P. Kumar, Phys. Rev. Lett. 94, 053601 (2005).
14. J. Fan, A. Migdall, and L. J. Wang, Opt. Lett. 30, 3368 (2005).
15. O. Cohen, J. S. Lundeen, B. J. Smith, G. Puentes, P. J. Mosley, and I. A. Walmsley, Phys. Rev.
Lett. 102, 123603 (2009).
16. L.-M. Duan, M. D. Lukin, J. I. Cirac, and P. Zoller, Nature 414, 413 (2001).
17. H. J. Kimble, Nature 453, 1023 (2008).
18. Z. Y. Ou and Y. J. Lu, Phys. Rev. Lett. 83, 2556 (1999).
19. C. E. Kuklewicz, F. N. C. Wong, and J. H. Shapiro, Phys. Rev. Lett. 97, 223601 (2006).
20. X. H. Bao, Y. Qian, J. Yang, H. Zhang, Z.-B. Chen, T. Yang, and J.-W. Pan. Phys. Rev. Lett.
101, 190501 (2008).
21. M. Scholz, L. Koch, and O. Benson, Phys. Rev. Lett. 102, 063603 (2009).
22. C.-S. Chuu and S. E. Harris, Phys. Rev. A 83, 061803(R) (2011).
23. C.-S. Chuu, G.Y. Yin, and S. E. Harris, Appl. Phys. Lett. 101, 051108 (2012).
24. S. Du, P. Kolchin, C. Belthangady, G. Y. Yin, and S. E. Harris, Phys. Rev. Lett. 100, 183603
(2008).
25. L. Zhao, X. Guo, C. Liu, Y. Sun, M. M. T. Loy, and S. Du, Optica 1, 84 (2014).
26. S. Du, J. Wen, and M. H. Rubin, J. Opt. Soc. Am. B 25, C98 (2008).
27. R. C. Eckardt, C. D. Nabors, W. J. Kozlovsky, and R. L. Byer, J. Opt. Soc. Am. B 8, 646
(1991).
28. H.-J. Briegel, W. Dur, J. I. Cirac, and P. Zoller, Phys. Rev. Lett. 81, 5932 (1998).
29. M. M. Fejer, G. A. Magel, D. H. Jundt, and R. L. Byer, IEEE J. Quantum Electron. 28, 2631
(1992).
Narrowband Biphotons: Generation, Manipulation, and Applications 37
30. C. Canalias and V. Pasiskevicius and V. Clemens and F. Laurell, Appl. Phys. Lett. 82, 4233
(2003).
31. C. Canalias and V. Pasiskevicius and M. Fokine and F. Laurell, Appl. Phys. Lett. 86, 181105
(2005).
32. C. Canalias and V. Pasiskevicius, Nature Photon. 1, 459 (2007).
33. V. Balic, D. A. Braje, P. Kolchin, G. Y. Yin, and S. E. Harris, Phys. Rev. Lett. 94, 183601
(2005).
34. P. Kolchin, Phys. Rev. A 75, 033814 (2007).
35. L. Zhao, Y. Su, and S. Du, arXiv:1409.3341 [quant-ph] (2014).
36. M. J. Collett and C.W. Gardiner, Phys. Rev. A 30, 1386 (1984).
37. S. Sensarn, I. Ali-Khan, G.Y. Yin, and S.E. Harris, Phys. Rev. Lett. 102, 053602 (2009).
38. S. E. Harris, Phys. Rev. Lett. 98, 063602 (2007).
39. S. E. Harris, Appl. Phys. Lett. 9, 114 (1966).
40. S. E. Harris, Phys. Today 50, 36 (1997).
41. M. Fleischhauer, A. Imamoglu, and J. P. Marangos, Rev. Mod. Phys. 77, 633 (2005).
42. L. V. Hau, S. E. Harris, Z. Dutton, and C. H. Behroozi, Nature (London) 397, 594 (1999).
43. S. Zhang, J. F. Chen, C. Liu, S. Zhou, M. M. T. Loy, G. K. L. Wong, and S. Du, Rev. Sci.
Instrum. 83, 073102 (2012).
44. J.-M. Wen, S. Du, and M. H. Rubin, Phys. Rev. A 75, 033814 (2007).
45. J.-M. Wen, S. Du, and M. H. Rubin, Phys. Rev. A 76, 013825 (2007).
46. J.-M. Wen, S. Du, Y. Zhang, M. Xiao, and M. H. Rubin, Phys. Rev. A 77, 033816 (2008).
47. P. Kolchin, S. Du, C. Belthangady, G. Y. Yin, and S. E. Harris, Phys. Rev. Lett. 97, 113602
(2006).
48. H. Yan, S. Zhang, J. F. Chen, M. M. T. Loy, G. K. L. Wong, and S. Du, Phys. Rev. Lett. 106,
033601 (2011).
49. S. Du, J. Wen, M. H. Rubin, and G.Y. Yin, Phys. Rev. Lett. 98, 053601 (2007).
50. A. V. Sergienko, Y. H. Shih, and M. H. Rubin, J. Opt. Soc. Am. B 12, 859 (1994).
51. S. E. Harris and L. V. Hau, Phys. Rev. Lett. 82, 4611 (1999).
52. S. Du, C. Belthangady, P. Kolchin, G. Y. Yin, and S. E. Harris, Opt. Lett. 33, 21492151 (2008).
53. P. Kolchin, C. Belthangady, S. Du, G. Y. Yin, and S. E. Harris, Phys. Rev. Lett. 101, 103601
(2008).
54. C. Belthangady, S. Du, C.-S. Chuu, G.Y. Yin, and S.E. Harris, Phys. Rev. A 80, 031803(R)
(2009).
55. S. Du, J. Wen, and C. Belthangady, Phys. Rev. A 79, 043811 (2009).
56. J. F. Chen, S. Zhang, H. Yan, M. M. T. Loy, G. K. L. Wong, and S. Du, Phys. Rev. Lett. 104,
183604 (2010).
57. K. Liao, H. Yan, J. He, S. Du, Z.-M. Zhang, S.-L. Zhu, Phys. Rev. Lett. 112, 243602 (2014).
58. Y. C. Chen, C. W. Lin, and I. A. Yu, Phys. Rev. A 61, 053805 (2000).
59. D. Matsukevich and A. Kuzmich, Science 306, 663 (2004).
60. S. Chu and S. Wong, Phys. Rev. Lett. 48, 738 (1982).
61. L. J. Wang, A. Kuzmich, and A. Dogariu, Nature 406, 277 (2000).
62. A. Sommerfeld, Ann. Phys. 44, 177 (1914).
63. L. Brillouin, Ann. Phys. 44, 203 (1914).
64. L. Brillouin, Wave Propagation and Group Velocity(Academic, 1960).
65. K. E. Oughstun and G. C. Sherman, Electromagnetic Pulse Propagation in Causal Dielectrics
(Springer-Verlag, Berlin) (1994).
66. J. Aaviksoo, J. Kuhl, and K. Ploog, Phys. Rev. A 44, R5353 (1991).
67. S. -H. Choi and U. L. O¨sterberg, Phys. Rev. Lett. 92, 193903 (2004).
68. H. Jeong, A. M. C. Dawes, and D. J. Gauthier, Phys. Rev. Lett. 96, 143901 (2006).
69. D. Wei, J. F. Chen, M. M. T. Loy, G. K. L. Wong, and S. Du, Phys. Rev. Lett. 103, 093602
(2009).
70. J. F. Chen, H. Jeong, L. Feng, M. M. T. Loy, G. K. L. Wong, and S. Du, Phys. Rev. Lett. 104,
223602 (2010).
71. J. F. Chen, M. M. T. Loy, G. K. L. Wong, and S. Du, J. Opt. 12, 104010 (2010).
72. S. Du, Physics 42, 315 (2013).
38 Chih-Sung Chuu and Shengwang Du
73. M. D. Eisaman, A. Andre´, F. Massou, M. Fleischhauer, A. S. Zibrov, and M. D. Lukin, Nature
438, 837 (2005).
74. A. M. Steinberg, P. G. Kwiat, and R. Y. Chiao, Phys. Rev. Lett. 71, 708 (1993).
75. A. M. Steinberg and R. Y. Chiao, Phys. Rev. A 51, 3525 (1995).
76. N. Akopian, L. Wang, A. Rastelli, O. G. Schmidt, and V. Zwiller, Nat. Photonics 5, 230 (2011).
77. S. Zhang, J. F. Chen, C. Liu, M. M. T. Loy, G. K. L. Wong, and S. Du, Phys. Rev. Lett. 106,
243602 (2011).
78. A. V. Gorshkov, A. Andre´, M. Fleischhauer, A. S. Sørensen, and M. D. Lukin, Phys. Rev. Lett.
98, 123601 (2007).
79. A. L. Alexander, J. J. Longdell, M. J. Sellars, and N. B. Manson, Phys. Rev. Lett. 96, 043602
(2006).
80. M. Hosseini, B. M. Sparkes, G. Campbell, P. K. Lam and B. C. Buchler, Nature Commun. 2,
174 (2011).
81. C. Clausen, I Usmani, F. Bussie`res, N. Sangouard, M. Afzelius, H. de Riedmatten, and N.
Gisin, Nature 469, 508 (2011).
82. E. Saglamyurek, N. Sinclair, J. Jin, J. A. Slater, D. Oblak, F. Bussie`res, M. George, R. Ricken,
W. Sohler, and W. Tittel, Nature 469, 512 (2011).
83. E. Saglamyurek, N. Sinclair, J. Jin, J. A. Slater, D. Oblak, F. Bussie`res, M. George, R. Ricken,
W. Sohler, and W. Tittel, Phys. Rev. Lett. 108, 083602 (2012).
84. S. Zhou, S. Zhang, C. Liu, J. F. Chen, J. Wen, M. M. T. Loy, G. K. L. Wong, and S. Du, Opt.
Express 20, 24124 (2012).
85. M. Varnava, D. E. Browne, and T. Rudolph, Phys. Rev. Lett. 97, 120501 (2006).
86. M. Tanaka, M. Fujiwara, and H. Ikegami, Phys. Rev. A 34, 4851 (1986).
87. F. Y. Wu, S. Ezekiel, M. Ducloy and B. R. Mollow, Phys. Rev. Lett. 38, 1077 (1977).
88. Md.AminulIslam Talukder, Y. Amagishi, and M. Tomita, Phys. Rev. Lett. 86, 3546 (2001).
89. H. J. Kimble, M. Dagenais, and L. Mandel, Phys. Rev. Lett. 39, 691 (1977).
90. M. O. Scully, E. S. Fry, C.H.Raymond Ooi, and K. Wodkiewicz, Phys. Rev. Lett. 96, 010501
(2006).
91. S. Zhang, C. Liu, S. Zhou, C.-S. Chuu, M. M. T. Loy, and S. Du, Phys. Rev. Lett. 109, 263601
(2012).
92. R. Johne, and A. Fiore, Phys. Rev. A 84, 053850 (2011).
93. D. Pinotsi, and A. Imamoglu, Phys. Rev. Lett. 100, 093603 (2008).
94. H. J. Kimble, Nature 453, 1023 (2008).
95. K. Inoue, E. Waks, and Y. Yamamoto, Phys. Rev. Lett. 89, 037902 (2002).
96. K. Wen, K. Tamaki, and Y. Yamamoto, Phys. Rev. Lett. 103, 170503 (2009).
97. C. H. Bennett and G. Brassard, “Quantum cryptography: public key distribution and coin
tossing,” in Proceedings of IEEE International Conference on Computers, Systems, and Signal
Processing, Bangalore, India, 1984 (IEEE, New York, 1984), 175.
98. E. Waks, H. Takesue, and Y. Yamamoto, Phys. Rev. A 73, 012344 (2006).
99. C. Liu, S. Zhang, L. Zhao, P. Chen, C. -H. F. Fung, H. F. Chau, M. M. T. Loy, and S. Du, Opt.
Express 21, 9505 (2013)
100. N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden, Rev. Mod. Phys. 74, 145–195 (2002).
101. H. Yan, S. Zhu, and S. Du, Chin. Phys. Lett. 28, 070307 (2011).
102. C. Liu, Y. Sun, L. Zhao, S. Zhang, M. M. T. Loy, and S. Du, Phys. Rev. Lett. 113, 133601
(2014).
103. B. Srivathsan, G. K. Gulati, A. Cere, B. Chng, and C. Kurtsiefer, Phys. Rev. Lett. 113, 163601
(2014).
104. P. Chen, C. Shu, X. Guo, M. M. T. Loy, and S. Du, arXiv:1409.5747 [quant-ph] (2014).
105. F. A. Beduini, J. A. Zielinska, V. G. Lucivero, Y. A. de Icaza Astiz, and M. W. Mitchell,
Phys. Rev. Lett. 113, 183602 (2014).
